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ABSTRACT 
Single-stage axial pressure compound and two-row 

velocity compound supersonic turbines have a very high 

specific work, which allows for high power levels at high-

pressure ratios and small flow rates in a very compact 

dimensional envelope. The latter is extremely desirable in 

certain types of Liquid Rocket Engine (LRE) turbopumps. 

Besides, due to their compactness, mechanical simplicity, and 

low cost, such turbines are favorable in high-pressure ratio 

Organic Rankine Cycles (ORC), gas expanders in chemical and 

technological processes, various mechanical drive 

applications, etc. However, despite their mechanical simplicity, 

the supersonic aerodynamic effects in such turbines are very 

complex. There are a number of design and analysis 

methodologies for such turbines, which are currently used in 

the industry. Nevertheless, some important nozzles 

arrangement parameters are still insufficiently investigated. It 

is known that there is an influence of the principle of drilled 

nozzles arrangement in a cascade and (round cross-section) 

convergent-divergent nozzles overlapping on overall turbine 

efficiency. Though, the data were either not formalized in some 

sort of loss model or formalized in a simplified formula that 

does not take into account meridional nozzle angle and the 

diameter where the nozzles are arranged (turbine mean 

diameter). The paper describes the study of the qualitative and 

quantitative influence of the mentioned above parameters on 

aerodynamic losses in drilled convergent-divergent nozzles 

and overall supersonic turbine performance. Supersonic 

aerodynamic effects and their influence on turbine 

performance were determined by employing the state-of-the-art 

commercial CFD code. Respective mesh sensitivity studies and 

domains architectures selection considerations are presented. 

The formalization of the studied nozzle parameters is discussed. 

The methods used for the determination of the parameters 

dependencies minimizing the number of CFD calculations are 

explained. The figures with visualizations of the critical results 

and numerical values are provided. The obtained loss models 

are described. The obtained loss models were incorporated into 

a turbine design and analysis program and then compared with 

experimental data. The utilization of the improved loss model 

provides the opportunity to design high-efficient supersonic 

turbines with conical drilled nozzles and satisfy specific design 

constraints with the use of nozzle arrangement parameters. 

Keywords: Supersonic Turbine, Convergent-Divergent 

Nozzles, Turbine Performance, Aerodynamic Losses, Turbine 

Design, Turbine Analysis; 

 

NOMENCLATURE 
 

𝛼 - is an angle taken by the length of exit ellipsis 
major axis (H) of a nozzle placed at the mean 
diameter 𝐷𝑚𝑒𝑎𝑛 

𝐻 - the major axis of the outlet ellipse of the 
nozzle 

𝐷𝑚𝑒𝑎𝑛 - mean diameter at the outlet of the nozzle 
𝐷𝐴𝐵 - diameter of a circle whose center coincides 

with the center of a circle with a diameter 
𝐷𝑚𝑒𝑎𝑛  and which passes through the points of 
contact of the main axis of the nozzle outlet 
ellipse with the outlet ellipse. 

𝐿 - the length of the arc of a circle with a 
diameter  𝐷𝑚𝑒𝑎𝑛  that is located inside the 
outlet ellipse of the nozzle. 

i - the ordinal number of the variable 
j - the ordinal number of the variable 
n - number of independent variables 
A - are the coefficients of the formal macromodel 
q


 - vector of normalized values of independent 
variable parameters (component) 

a - coefficient of the cubic spline of the current 
interpolation section 

b - coefficient of the cubic spline of the current 
interpolation section 

c - coefficient of the cubic spline of the current 
interpolation section 

d - coefficient of the cubic spline of the current 
interpolation section 

𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 - nozzle loss deviation at the current point 

𝑀𝐼𝐷𝐷𝐸𝑉 - nozzle loss average deviation 

 

1. INTRODUCTION 
Supersonic turbines have found application in many 

industries as turbo drives for pumps of liquid-propellant rocket 
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engines, microturbines for various applications, engines for 

power plants of marine transport [1, 2] (ships main engines on 

autonomous underwater vehicles [3], auxiliary mechanisms for 

starting main engines and drives various auxiliary units [4]), 

turbo drives of feed pumps of thermal power plants, etc.  

Supersonic turbines can either have a single-stage single 

rotor row impulse or a single-stage velocity compound with 

two or even more rows of rotor blades. Typical flow path 

schemes of such turbines are shown in FIGURE 1 [2]. 

 

 
FIGURE 1:SCHEME OF THE TURBINE FLOW PATH [2]  
 

In such turbines, working fluid in the gaseous 
thermodynamic state is fed to the rotating blades through 
stationary nozzles.  In the nozzles, the potential energy of the 
gas is converted into kinetic energy. The gas flow reaches 
maximum velocity upon entering the rotating blades, where the 
kinetic energy of the gas is converted to the mechanical energy 
of shaft rotation.  In a turbine with two rows of rotor blades, a 
row of stationary guide blades turns the flow exiting from the 
first row of rotor blades to organize the proper flow entrance to 
the second row of rotor blades. Ideally, the entire pressure drop 
occurs in the stationary nozzles and then gas velocity decreases 
during passage through the first row of rotating blades and 
remains constant through the stationary blades, and decreases 
further as it passes through the second row of rotating blades 
[2]. 

One of the main elements of a turbine of this type, affecting 
the overall efficiency, is the first nozzle apparatus. Therefore, 
significant attention in the literature is paid to the experimental 
[5] and theoretical study of fluid flow processes in supersonic 
nozzles [5, 6] and methods of their profiling, starting from two-
dimensional theory [8, 9] and ending with the design of real 
designs of nozzle cascades [8, 7]. The velocity coefficient of 
the nozzles has a greater influence on the turbine stage 
operation than the velocity coefficient of the rotor blades. An 
increase in the velocity coefficient of the nozzle apparatus by 
1% corresponds to an increase in the internal efficiency by 1-
2.5% [10, 11, and 12]. In [11] it was shown that an increase in 
φ by 1% corresponds to an increase in the circumferential 
efficiency of a stage by 2%. In [12] the authors determined that 
an increase in φ by 1% corresponds to an increase in internal 
efficiency up to 2.5%. For air microturbines [11], the influence 
of the direct velocity coefficient of the rotor ψ on the efficiency 
of the step wheel is 3-4 times weaker than the influence of the 
nozzle velocity coefficient φ. 

Depending on the parameters that the turbine is supposed 
to operate at, different nozzle types can be used. In particular, 
if the Mach numbers are relatively small (1.4 or less), then 
nozzle cascades with converging channels can be used; at 
higher Mach numbers, it is necessary to use convergent-
divergent nozzles (De Laval type) [6, 8].  

Drilled nozzles do not have secondary losses and have 
relatively small losses in the boundary layer due to the small 
wetted perimeter of the circular channel [14]. In this regard, 
they are widely used in turbines with a partial admission of the 
working fluid [15]. 

The geometry of the nozzle affects the nozzle flow rate and 
energy losses [16]. Nozzles with profiled (contoured) divergent 
sections have slightly higher efficiency compared to nozzles 
with conical divergent sections, but at operation modes with 
pressure ratios below the design pressure ratio, they have better 
efficiency sometimes [17].  

The outlet section of the drilled nozzles is elliptical, which 
leads to greater uneven flow at the inlet to the rotor blades. With 
a partial admission of the working fluid, several nozzles are 
usually placed in the supply arc section often called the “nozzle 
ring”, while the supersonic flow that flows from one nozzle 
interacts with the flow from adjacent nozzles, which leads to 
additional losses [15]. The influence of streams from adjacent 
nozzles on the efficiency of their work and the overall 
efficiency of the turbine has been investigated by many authors. 
Which led to the development of design and analysis 
methodologies for such turbines, which are currently used in 
the industry [10, 20, and 21]. However, some important nozzles 
arrangement parameters are still insufficiently investigated. 
Some authors demonstrated a significant influence of drilled 
(round cross-section) convergent-divergent nozzles 
overlapping on overall turbine efficiency [18, 19, 20, and 21]. 
In [19] an experimental study of the influence of the location of 
the nozzles (pitch) on the efficiency of the turbine was 
performed, which made it possible to determine the pitch range 
for the drilled nozzles in which the turbine has maximum 
efficiency. In [18] two-parameter function is proposed, which 
was based on experimental data of both single nozzles and 
cascades that takes into account the influence of the location of 
the nozzles in the cascade and the variation in the operating 
mode according to the theoretical Mach number (in range M1t= 
1-3) on the loss factor. These studies were carried out to take 
into account the effect of the pitch of the nozzles in the cascade 
on the efficiency of the nozzle cascade and the turbine as a 
whole. However, their results were either not formalized in 
some sort of loss model or formalized in a simplified formula 
that does not take into account meridional nozzle angle and the 
diameter where the nozzles are arranged (turbine mean 
diameter). The meridional nozzles angle and turbine mean 
diameter affect the shape of the overlapped nozzles area and, 
thus, have a certain impact on losses caused by overlapping. 
Besides, the meridional nozzle angle influences the direction of 
the supersonic flow entrance to the rotor blades which affects 
the turbine performance even if nozzles have no overlap [20, 
21]. Negligence of these parameters might lead to substantial 
discrepancies between the predicted and actual performance 
levels, and thus to additional design iterations increasing the 
turbine development cost.  

The study presented in this paper considers the drilled 
nozzles with conical divergent sections only. It should be noted 
that internal aerodynamic losses in nozzle rings with drilled 
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nozzles with profiled divergent sections are subject to nozzle 
arrangement parameters too and should be investigated 
separately.  
 
2. MODEL OF INDIVIDUAL DRILLED NOZZLES 

Before proceeding with the study of the nozzle 
arrangement parameters it was important to have a parametric 
model of individual nozzles and a respective model for internal 
aerodynamic losses.  

FIGURE 2 shows the parametric model of a conical drilled 
nozzle with the respective eight geometrical parameters 
unequivocally defining its shape: angle of drilling (the angle 
between the axis of the nozzle and a plane parallel to the exit 
ellipse of the nozzle), throat length (the length of the cylindrical 
part of the nozzle from the throat section to the conical part of 
the nozzle), fillet radius (the radius that sets the surface of 
revolution at the nozzle inlet from the inlet circle to the throat 
section), expansion angle (the angle that defines the conical 
surface of revolution from the throat to the mouth (its choice 
determines the length of the nozzle)), throat (diameter of a 
circle at the inlet of the conical part of the nozzle), mouth 
(diameter of a circle at the outlet of the conical part of the 
nozzle), shift (the distance between the inlet circle and the inlet 
plane of the nozzle). eccentricity (the distance between the 
nozzle axes and the axis of the cylindrical surface of the nozzle 
inlet section (red dotted line), this surface always passes along 
the tangent to the nozzle inlet circle, and the shape of the nozzle 
inlet part depends on this value). 

It should be noted that there is an important dimensionless 
parameter of the nozzle, which is often used in the literature - 
expansion ratio (XPR). XPR is defined as the ratio of the area 
of the circle at the exit of the conical section (Mouth) to the area 
of the circle at the inlet to the conical section (Throat – diameter 
of a circle in a given section, the narrowest part of the nozzle). 
Essentially XPR is a squared ratio of Mouth to Throat. The 
parametric model was made in such a way that there is only one 
absolute parameter – Throat, and the remaining linear 
dimensional parameters are defined via dimensionless 
coefficients. Throat value was used as the base for the 
dimensionalization of these coefficients. It should be noted that 
XPR is used as a dimensionless coefficient for the 
determination of the Mouth value based on the given Throat 
value. This approach allows obtaining the parametric model 
with convenient scaling capabilities, i.e. with this model, it is 
possible to obtain geometrically similar nozzles of various sizes 
keeping dimensionless coefficients and angles constant and 
varying Throat sizes only.  

When designing a supersonic nozzle it is important to 
make sure that the XPR of the nozzle obtains the desired Mach 
number at the nozzle outlet. In turn, when selecting the required 
XPR for the desired exit Mach number, it is important to take 
into account that it depends on the molecular weight and 
specific heat capacity of the working fluid. For ideal gases, 
these fluid parameters are equivalent to the isentropic exponent 
and specific gas constant. Depending on the boundary 
conditions at the inlet and outlet of the turbine, the isentropic 
exponent of fluids (mixtures of fluids, combustion products) 
can vary over a very wide range. From almost 1.05 for some 
combustion products to 1.8 or more for fluids such as hydrogen. 
It was critical to make the aerodynamic loss model for 
individual nozzles applicable to the vast majority of working 
fluids. This was achieved based on the fact that Reynolds 

number and Mach number are the most critical parameters 
determining similarity for supersonic flows. Therefore, when 
the model for the internal aerodynamic losses for individual 
nozzles was being developed the ranges for variation of Throat 
and XPR were selected to keep Reynolds number (calculated 
using Throat as the specific size) and exit Mach number in 
typical ranges for various fluids. The loss model for an 
individual nozzle was developed for a range of theoretical 
Mach numbers from 1.9 to 4. For the Reynolds number, the 
range is from 2·105 and above. The created model was based 
on a series of CFD calculations performed according to the 
Box&Behnken plan [25]. The details of the development of the 
loss model for individual nozzles are not presented in this paper. 
However, the developed loss model for individual nozzles 
𝜍𝑖𝑛𝑑𝑖𝑣𝑖𝑑𝑢𝑎𝑙 𝑛𝑜𝑧𝑧𝑙𝑒 was used in the current study as the base, i.e. 
the aerodynamic losses associated with nozzle arrangement 
parameters were introduced as the multiplication coefficient 
𝑘𝑛𝑜𝑧𝑧𝑙𝑒𝑠 𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑚𝑒𝑛𝑡  so the total aerodynamic losses in the 

nozzle ring 𝜍𝑛𝑜𝑧𝑧𝑙𝑒 𝑟𝑖𝑛𝑔  can be given by the following equation: 

𝜍𝑛𝑜𝑧𝑧𝑙𝑒 𝑟𝑖𝑛𝑔 = 𝜍𝑖𝑛𝑑𝑖𝑣𝑖𝑑𝑢𝑎𝑙 𝑛𝑜𝑧𝑧𝑙𝑒 ∙ 𝑘𝑛𝑜𝑧𝑧𝑙𝑒𝑠 𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑚𝑒𝑛𝑡 

where 
- 𝜍𝑖𝑛𝑑𝑖𝑣𝑖𝑑𝑢𝑎𝑙 𝑛𝑜𝑧𝑧𝑙𝑒  is a function of Throat, Throat length ratio, 
Fillet radius ratio, Shift ratio, Eccentricity ratio, XPR, 
Expansion angle, and Angle of drilling. 
- 𝑘𝑛𝑜𝑧𝑧𝑙𝑒𝑠 𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑚𝑒𝑛𝑡  is a function of the Angle of drilling, 

Relative pitch, Nozzle angle, and Turbine mean diameter factor. 
The descriptions of these parameters are provided in the 
following section 

 
FIGURE 2: GEOMETRIC PARAMETERS OF THE DRILLED 
NOZZLE 

 
3. NOZZLE ARRANGEMENT PARAMETERS 

This section comprises the definitions of the nozzle 
arrangement parameters and justifications for the selection of 
the ranges of their variations. This was carried out based on the 
authors' own experience designing such turbines and the 
recommendations outlined in the literature [15]. 

 
3.1 Angle of drilling  

For the angle of drilling of the nozzle, the most reasonable 
range of 15°-20° is selected [15]. It is not recommended to use 
smaller angles, since at small angles the technological difficulty 
of drilling holes increases and the thickness of the nozzle disk 
decreases. The latter leads to difficulties in ensuring the 
mechanical strength of the nozzle ring. Besides, smaller angles 
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of drilling complicate the nozzles arrangement due to the 
possibility of overlapping a subsonic section of one nozzle with 
a supersonic section of another nozzle, which is not acceptable. 
In turn, the use of nozzles with drilling angles greater than 20° 
reduces the specific work of the turbine and leads to a sharp 
decrease in the expansion capacity of the part of the nozzle 
behind the mouth and a decreased efficiency in off-design 
modes. 

 
3.2 Relative pitch 

The relative pitch for the arrangement of drilled nozzles is 
defined as the ratio of the angle (𝛼′) between centers of exit 

ellipses of two neighboring nozzles to the angle ( 𝛼 ) 
corresponding to the length of exit ellipsis major axis (H) of a 
nozzle placed at the mean diameter 𝐷𝑚𝑒𝑎𝑛  of the turbine 
(FIGURE 3). As a rule of thumb when the relative pitch is 
below 1, then the ellipses are overlapped, and when it is above 
1, then there is some space between the ellipses (FIGURE 3). 
It might seem obvious that at the relative pitch of 1 exit ellipses 
are touching each other, but this is true only if the nozzles are 
arranged in a straight line. The exit ellipses are always 
overlapping at the relative pitch of 1 when nozzles are arranged 
in a circle and the smaller the diameter of the circle the higher 
the overlapping. Typically, the overlapped nozzles have higher 
aerodynamic losses compared to the same nozzles without 
overlapping. Hence, some authors recommend using 1.01-1.02 
to make the nozzles as close as possible but avoid overlapping, 
but as described above, it might be required to have even higher 
values at a small diameter. In any case, this aspect should be 
taken into account when designing the nozzle ring.  

 

 
FIGURE 3: TO THE DEFINITION OF RELATIVE PITCH 

 
However, at relatively small overlappings the rise of the 

losses is relatively small, and sometimes it can be beneficial to 
assign a relative pitch smaller than 1. For example, if the mean 

diameter, pressure ratio, and working fluid are constraints and 
the nozzle ring can fit only a certain number of nozzles without 
overlapping, then making pitch smaller than 1 allows more 
nozzles to fit in the same dimensions and increase power level 
without noticeable turbine efficiency reduction. At the same 
time, if the values of the relative pitch are significantly smaller 
than 1, the efficiency drop can become noticeable. The decision 
about the reasonability of any specific value of relative pitch 
should be made considering the constraints of every specific 
turbine design case. In the current study, the relative pitch of 
the nozzle is selected to be in the range from 0.88 to 1.3. This 
range should cover most real-life cases because at a value 
below 0.88 the rise of the losses is substantial [18] and most 
likely will not be considered acceptable. In turn, with an 
increase of the step to 1.3, the space between the neighboring 
nozzles is so big that it does not lead to any reduction of 
aerodynamic losses in nozzles, but will negatively affect the 
partial admission losses in the turbine.  

 
3.3 Nozzle angle 

Nozzle angle is an angle between the major axis of the 
nozzle exit ellipsis and the tangent to the circle of mean 
diameter at the point where the center of the exit ellipsis 
touches it (FIGURE 4). When geometric restrictions allow, the 
nozzles are often positioned with a nozzle angle of -3° to -5° 
degrees [15] to improve the entrance of the flow to the rotor 
blades. The entrance of the flow to the rotor blades is improved 
with the above-mentioned negative values of nozzle angle 
because there is always some axial clearance between nozzles 
and rotor blades and if the nozzle angle would be 0°, then part 
of the flow would go higher than the rotor blades, which leads 
to additional losses.  
 

 

 
FIGURE 4: TO THE DEFINITION OF NOZZLE ANGLE 

 
Moreover, the smaller the turbine mean diameter the more 

noticeable this effect is. Thus, when some negative values of 
nozzle angle are used, the point of flow entrance is getting 
closer to the mean diameter of rotor blades improving turbine 
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efficiency. Besides, the nozzle angle also affects the 
aerodynamic losses in nozzles themselves when the relative 
pitch is less than 1. Indeed, when nozzles are overlapped, the 
variation of the nozzle angle changes the shape of the 
overlapping region, which leads to the different levels of 
aerodynamic losses in nozzles. Taking into that rotor blades 
were not included in the current study, attention was paid to the 
influence of the nozzle angle on aerodynamic losses in the 
nozzle ring only. Furthermore, nozzle angle can help to avoid 
the intersections of the subsonic and supersonic parts of the 
neighboring nozzles. For this study, it was decided to take a 
slightly wider range -8° to 2° in case some unforeseen design 
constraints take place.  
 
3.4 Nozzle relative size 

After a closer look at the nozzle arrangement parameters 
considered above, it became clear that mean turbine diameter 
plays an important role in the geometrical configurations of 
nozzle rings and the level of aerodynamic losses in nozzle rings 
respectively when they are overlapping. Moreover, it was 
noticed that it is not even the diameter that matters, but how the 
nozzle size is related to the mean turbine diameter.  

For example, the diameter can be small but the nozzle can 
be proportionally smaller too, so it will not influence the nozzle 
overlapping or nozzle angle. However, if the diameter is small 
and the nozzles are big, then the influence can be very 
noticeable.  Thus, it was decided to introduce the nozzle relative 
size (H/L) parameter.  Nozzle relative size is the ratio of the 
length of the major axis of the ellipse H to the length of the arc 
L of a circle of diameter DAB that passes through points A and 
B, with the same center 0 as the circle of mean diameter 
(FIGURE 5).  

 

 
FIGURE 5: TO THE DEFINITION OF TURBINE NOZZLE 
RELATIVE SIZE  

 
Nozzle relative size can be determined as follows: 

 

𝐻 = 𝐷𝑚𝑒𝑎𝑛 ⋅ 𝑡𝑔
𝛼

2
, 𝐿 = 𝐷𝐴𝐵 ⋅ 𝛼 ⋅

𝜋

360
, 

 

𝐷𝐴𝐵 =
𝐻

𝑠𝑖𝑛𝛼 2⁄
, 

 
𝑁𝑜𝑧𝑧𝑙𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑠𝑖𝑧𝑒 = 

= 𝐻
𝐿⁄ = (𝐷𝑚𝑒𝑎𝑛 ⋅ 𝑡𝑔

𝛼

2
) (𝐷𝐴𝐵 ⋅ 𝛼⁄ ⋅

𝜋

360
) 

 
where 

𝛼 – is an angle corresponding to the length of the exit ellipsis 

major axis (H) of a nozzle placed at the mean diameter 𝐷𝑚𝑒𝑎𝑛  
 

From the definition of the nozzle relative size, it can be 
deduced that the closer it is to unity, the closer the nozzle 
arrangement is to a linear one (small nozzles placed at a large 
mean diameter), and the smaller the nozzle relative size is, the 
more noticeable curvature of a circle of mean diameter is to the 
nozzles (large nozzles placed at small mean diameter). The 
nozzle rings with overlapped nozzles and different values of 
nozzle relative size and the same angle of drilling, relative pitch, 
and nozzle angle are going to have different geometry of 
overlapped area and aerodynamic losses respectively. 

 
4. SELECTION OF PARAMETERS FOR CFD 
CALCULATIONS 

The computational studies of the nozzle cascades were 
carried out using the ANSYS Fluent software package. The 
mesh was built in ANSYS Fluent meshing. Poly-Hexcore mesh 
was used FIGURE 6.  

 

  
FIGURE 6: EXAMPLE OF POLY-HEXCORE MESHING WITH 
DIFFERENT NUMBER OF CELLS 
 

The mesh was built in ANSYS Fluent meshing. Poly-
Hexcore mesh was used. A mesh of this type allows building 
high-quality mesh in the computational domain where the sharp 
corners are present, which is typical for computational domains 
with drilled nozzles. In order to find the optimal mesh size for 
our calculations, the mesh sensitivity was performed. 
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FIGURE 6. shows computational grids with a different number 
of cells in the computational domain.  

The working fluid was modeled as an ideal gas. SST 
turbulence model was used for all calculations in this study. For 
the SST model, wall functions are used, which makes it 
possible to correctly carry out calculations using the calculated 
grids with different degrees of thickening as they approach the 
wall [23]. In this case, the first wall node can fall into one of 
the following regions of the boundary layer: the logarithmic 
range (30 ≤ y + ≤ 100), into a viscous sublayer (y + ≤ 5), and 
the transition region between them. In the current study, Y+ in 
the computational domain was within a range between 30 and 
80 in all calculations. 

In computational studies, to take into account the mutual 
influence of the position of the nozzles on the level of losses 
behind them, the nozzles were located evenly around the entire 
circumference for each point of the plan (TABLE 1 and 
TABLE 2). This arrangement made it possible to use periodic 
boundary conditions in the calculation model and, accordingly, 
reduce the calculation time. 

FIGURE 7 shows the relative deviation of losses in the 
studied model depending on the number of grid cells. Relative 
loss deviation is shown as a percentage of the loss level at the 
design point with a maximum cell count of 2.2 million. Five 
variants of calculations with grids with 0.65, 0.8, 1.2, 1.7, and 
2.2 million cells were performed.  

The grid parameters in the boundary layer were set to be 
the same for all calculation options. With the number of cells 
from 1.2 to 2.2 million, the level of losses behind the nozzle did 
not change significantly, therefore, for further calculations, the 
grids were built so that the number of cells in the computational 
domain was not less than 1.2 million. 
 

 
FIGURE 7: RELATIVE DEVIATION OF LOSSES 
 

5. FORMAL MACROMODEL 
There are many methods for building a response surface. 

All these methods have their advantages and disadvantages. 
One way of reducing the number of calculations when solving 
the optimization problem is to replace the objective function 
with its approximation or interpolation dependence - a formal 
macromodel (FMM). A comparison was made of the prediction 
accuracy of the two variants of the experimental designs of 
Box-Behnken and Rechtschaftner. The average error in 
predicting losses according to the Box-Behnken plan [25] in the 
selected section at the nozzle exit was 18%. Rechtschaftner's 
plan is 20%. FIGURE 8 shows a comparison of the deviation 
of the relative loss (relative losses - are divided by the minimum 

value of the loss), calculated by CFD and predicted by the 
response function according to the Box-Behnken plan. 

Due to the relatively low accuracy of obtained response 
surfaces by DOE plans mentioned above, it was decided to use 
the modified Rechschaftner plan [22]. Rechschaftner's plans 
have a regular structure and allow one to obtain formal 
macromodels of various quality indicators and functional 
constraints of the designed and optimized objects in the form 
of complete quadratic polynomials with the minimum possible 
number of computations of the resource-intensive (expensive) 
objective function. But at the same time, the structure of the 
dependency: 

𝑦(𝑞) = 𝐴0 + ∑(𝐴𝑖 + 𝐴𝑖𝑖𝑞𝑖) ⋅ 𝑞𝑖 + ∑ ∑ 𝐴𝑖𝑗𝑞𝑖𝑞𝑗

𝑛

𝑖=𝑖+1

𝑛−1

𝑖=1

𝑛

𝑖=1  

where  

n - is the number of independent FMM factors, iA  - are the 

coefficients of the formal macromodel, q


- vector of 

normalized values of independent variable parameters 
(component) provides the solution of optimization problems 
with acceptable accuracy only for cases with a sufficiently 
smooth form of the original objective functions. 
 

 
FIGURE 8: DEVIATION OF RELATIVE LOSSES (BOX-
BEHNKEN PLAN) 

 
TABLE 1: RECHTSCHAFTNER EXPERIMENT PLAN 

 
Angle of  
drilling 

H/L 
Relative 

pitch  
Nozzle 
angle 

1 -1 -1 -1 -1 

2 -1 1 1 1 

3 1 -1 1 1 

4 1 1 -1 1 

5 1 1 1 -1 

6 1 1 -1 -1 

7 1 -1 1 -1 

8 1 -1 -1 1 

9 -1 1 1 -1 

10 -1 1 -1 1 

11 -1 -1 1 1 

12 1 0 0 0 

13 0 1 0 0 

14 0 0 1 0 

15 0 0 0 1 

16 0 0 0 0 
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The authors [22] proposed to replace the original function, 
the superposition of parabolas, with the superposition of splines.  
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where 
- aij, bij , cij, dij are the coefficients of the cubic spline of the 
current interpolation section of the j-th independent variable. 
For each independent normalized variable qj there are several 
interpolation sections in a range between –1 and +1; ∆qij is the 
distance between the current value qj and the coordinate of the 
initial node of the j section of the spline, for which the 
coordinate value qj is between the coordinates of the initial (j) 
and final (j + 1) nodes 1. 
 

TABLE 2: ADDITIONAL PLAN FOR INTERPOLATION 
SPLINE 

 
Angle of  
drilling 

H/L 
Relative 

pitch 
Nozzle 
angle 

1 -1 0 0 0 

2 -0.66(6) 0 0 0 

3 -0.33(3) 0 0 0 

4 0 0 0 0 

5 0.33(3) 0 0 0 

6 0.66(6) 0 0 0 

7 1 0 0 0 

1 0 -1 0 0 

2 0 -0.66(6) 0 0 

3 0 -0.33(3) 0 0 

4 0 0 0 0 

5 0 0.33(3) 0 0 

6 0 0.66(6) 0 0 

7 0 1 0 0 

1 0 0 -1 0 

2 0 0 -0.66(6) 0 

3 0 0 -0.33(3) 0 

4 0 0 0 0 

5 0 0 0.33(3) 0 

6 0 0 0.66(6) 0 

7 0 0 1 0 

1 0 0 0 -1 

2 0 0 0 -0.66(6) 

3 0 0 0 -0.33(3) 

4 0 0 0 0 

5 0 0 0 0.33(3) 

6 0 0 0 0.66(6) 

7 0 0 0 1 

 
Thus, in order to obtain the response function, it is 

necessary to plan the Rechtschaftner experiment and find the 
coefficients for the variables of the full quadratic polynomial 
(TABLE 1), then construct interpolation cubic splines for each 
independent parameter (TABLE 2) and replace the 
superposition of parabolas in the expression with the 

 
 

superposition of splines. To build splines, one needs to find the 
value of the target function at additional points - spline nodes. 
 
6. CFD RESULTS DISCUSSION 

As a result of the calculations, the aerodynamic 
characteristics of the nozzle rings of different configurations 
were obtained. In TABLE 3 the calculated loss values in 
relative terms are presented. Losses are divided by the 
minimum obtained value of losses at point 7 at a relative 
distance of 0. Thus, we can see the nature of the change in 
losses at different relative distances from the nozzle. The losses 
were averaged over the mass flow rate and were determined in 
4 sections at different distances from the outlet section of the 
nozzles (FIGURE 9). The values of the distances from the 
outlet section are related to the height of the outlet throat 
(mouth) of the nozzle. These losses were obtained following 
the Rechtshaftner plan (TABLE 1). Essentially, four different 
response surfaces were obtained, each corresponding to the 
specific distance from the nozzles. 

 

 
FIGURE 9: SECTIONS IN WHICH THE FLOW PARAMETERS 
WERE AVERAGED 

 
TABLE 3: RELATIVE LOSSES DOWNSTREAM OF DRILLED 
NOZZLE CASCADES 

N 
point 

Relative distance 

 0 0.127 0.211 0.422 

 Relative losses 

1 1.35 2.95 3.85 5.01 

2 1.25 2.88 3.88 5.19 

3 1.05 2.42 3.01 4.53 

4 1.46 2.60 2.88 3.84 

5 1.02 2.64 3.25 4.37 

6 1.23 2.12 2.45 3.00 

7 1.00 2.69 3.60 4.93 

8 1.40 2.32 2.75 3.92 

9 1.22 2.75 3.60 5.07 

10 1.40 2.52 3.09 4.62 

11 1.20 2.54 3.43 5.41 

12 1.0 2.61 3.15 3.93 

13 1.12 2.74 3.32 4.49 

14 1.10 2.61 3.20 4.13 

15 1.13 2.45 2.99 4.35 

16 1.09  2.51  3.03  4.32  

 
FIGURE 10 and FIGURE 11 show the Mach numbers for 

the design point 13 at various relative distances from the 
nozzles. As shown, the streams from the nozzles are interacting 
with the surrounding fluid volumes and each other, and with an 


−
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increase in the distance from the nozzles, the individual streams 
from the nozzles gradually form a common stream. This 
process is accompanied by a rise in aerodynamic losses. 

It should be noted that the aerodynamic losses in the 
supersonic flow behind the nozzles will be influenced by the 
rotor cascade. The shape and intensity of the shock waves at the 
inlet edge of the blade and, consequently, the interaction of 
these shock waves with the flow behind the nozzle will depend 
on the shape of the inlet section of the rotor blade. In this study, 
this effect was not considered. In the future, a separate 
investigation is planned to determine the effect of rotor blades 
on the level of losses in the nozzle ring and turbine as a whole.  

 

 
FIGURE 10: MACH NUMBER BEHIND THE NOZZLE 
CASCADE WITH A RELATIVE DISTANCE OF 0, 0.127 
 

 
FIGURE 11: MACH NUMBER BEHIND THE NOZZLE 

CASCADE WITH A RELATIVE DISTANCE OF 0.211, 0.422 

Nevertheless, the availability of several response surfaces 
at different distances creates the opportunity to evaluate 
aerodynamic losses in nozzle rings taking into account the axial 
gap between nozzles and the anticipated axial location of rotor 
blades. 

According to the additional plan for interpolation cubic 
splines (TABLE 2), respective calculations were carried out. 
FIGURE 12 – FIGURE 15 show the influence of the 
investigated parameters on the level of losses in the nozzles and 
the level of losses at different distances from the nozzles. 

In FIGURE 12, one can see an almost linear change (blue 
line) in the relative loss from about 1 at 20 degrees to 1.2 at 15 
degrees, that is, by 20 percent. 

In turn, the relative spacing of the nozzles has a greater 
effect on the level of losses in the nozzles. When the exit 
ellipses are overlapped (the relative pitch < 1), losses in the 
nozzles increase from around 1 at a relative pitch greater than 
1 to almost 1.4 at a relative pitch of 0.88 [15, 18].  

As seen in FIGURE12 to FIGURE 15, an increase in the 
distance from the nozzles leads to an increase in losses of 
supersonic flow due to the interaction and mixing of supersonic 
flows from nozzles. A similar character of the change in losses 
behind nozzle cascades, as already mentioned in the 
introduction, also corresponds to experimental studies [15]. 
The losses in FIGURE12 – FIGURE 15 are presented in 
relative terms, as are the losses in TABLE 3. 

 

 
FIGURE 12: RELATIVE LOSSES FOR ADDITIONAL 

INTERPOLATION CUBIC SPLINES PLAN (ANGLE OF 

DRILLING) 

 
FIGURE 13: RELATIVE LOSSES FOR ADDITIONAL 

INTERPOLATION CUBIC SPLINES PLAN (NOZZLE RELATIVE 

SIZE) 

 

According to the additional plan for the determination of 

splines, the value of one of the parameters changes in the 

normalized range -1 to 1, while the rest of the parameters have 

a normalized value of 0, i.e. their value does not change. That 
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is why some of the curves are nearly horizontal, especially at 

zero relative distances. However, if the other parameters were 

changing, then their joint influence on the nature of the change 

in the level of losses would be lead to non-linearities and 

variations. For example, the line corresponding to 0 relative 

distance for nozzle angle is not going to be constant when 

overlapping is present and similarly for the other parameters. 

 

 
FIGURE 14: RELATIVE LOSSES FOR ADDITIONAL 

INTERPOLATION CUBIC SPLINES PLAN (RELATIVE PITCH) 

 

 
FIGURE 15: RELATIVE LOSSES FOR ADDITIONAL 

INTERPOLATION CUBIC SPLINES PLAN (NOZZLE ANGLE) 

 

7. FORMAL MACROMODEL ACCURACY ANALYSIS 
As a result of the computational studies and combination 

of CFD results for the Rechschaftner plan and CFD results for 

splines performed according to the approach described in 

section 5, a formal macromodel was built and the response 

function coefficients were obtained for calculating losses at 

different relative distances from the nozzles, taking into 

account their mutual influence on the aerodynamics of the flow 

behind them. The figures show the relative deviation of the 

response function loss level from the CFD calculation values at 

the points taken from the Rechtshaftner plan. 

From FIGURE 16 and FIGURE 17 can be seen that as the 

distance from the nozzles increases, the error in calculating the 

losses increases.  

With that being said, at zero distance from the nozzles, the 

error is in the range from 4% to 12% for about 1/3 of the points, 

for the other 1/3 of the points the error is practically zero, and 

for the rest of the points, the error is between 0% and 4%. For 

the relative distance of 0.127, the percentages are 5 - 16%, 0%, 

and 0 - 6 % respectively for every third of the points. 

A similar result can be observed for distances of 0.211 and 

0.422, on average, the relative errors do not exceed 25%, and 

only at one point, the deviation reaches almost 37%. In turn, for 

all the points calculated according to the additional plan for 

interpolating cubic splines, the deviation is equal to 0. 

 
FIGURE 16: RELATIVE DEVIATION OF THE RESPONSE 

FUNCTION LOSS LEVEL COMPARED TO CFD VALUES AT 

THE POINTS OF THE RECHTSHAFTNER PLAN 

 

The average deviation of loss values calculated using the 

following equation at plan points for each relative distance 

(FIGURE 9) does not exceed 10 %. 

 

𝑀𝐼𝐷𝐷𝐸𝑉 =
∑ 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛𝑛

𝑖=1

𝑛
 

 

 
FIGURE 17: DEVIATION OF RELATIVE LOSSES 

 
8. EVALUATION OF THE MODELS INCORPORATED 
IN THE TURBINE DESIGN TOOL 

The resulting formal macromodel was incorporated into 
the axial turbine design and analysis modules of 
AxSTREAM® [26]. It should be noted that the geometrical 
model was incorporated as well and the pictures of nozzles 
shown in FIGURES 2, 3, 4, and 5 are snapshots from 
AxSTREAM®. In order to evaluate how the developed loss 
model for nozzle arrangement parameters works together with 
previously developed loss models and turbine design and 
analysis tools, it was decided to recreate a couple of supersonic 
turbines with drilled nozzles and compare the performance 
from the source with the one obtained by AxSTREAM®. The 
first considered case was Fastrac supersonic turbine [24] and 
the second one was a supersonic turbine with drilled nozzles 
from the report [17]. 
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8.1 Fastrac supersonic turbine 
The Fastrac turbine is a single-stage supersonic design 

with exit guide vanes (EGV). The turbine is required to produce 
895 kW and a rotational speed of 20,000 RPM. The working 
fluid for the turbine is a mixture of gaseous kerosene and 
oxygen with isentropic exponent 1.108 and specific heat at 
constant pressure Cp of 2.64 kJ/kg 0K. The gas enters the 
nozzles with a total pressure, P0 =3.79 MPa, and a total 
temperature of T0 = 889° K, and a mass flow rate of 3.24 kg/sec. 
It should be noted that the turbine was with profiled (contoured) 
nozzles. Thus, our task was to design an equivalent turbine with 
conical drilled nozzles. Meanline calculations predict the Mach 
number at the exit of the nozzle to be 2.1. The total to static 
pressure ratio across the nozzle was designed to be 11.2.  

The results of the equivalent turbine design performed in 
AxSTREAM® are presented in FIGURE 18. The designed 
turbine has the same basic geometric parameters as the Fastrac 
turbine (mean diameter = 244.6 mm, number of nozzles = 24 
and rotor blades = 147, EGV number = 67). Mach number at 
the nozzle exit was 2.05. The design power of the turbine is 
891.6 kW. The total-to-static efficiency is almost 60% which 
can be considered as a good agreement with [24]. 

It should be noted that the drilled nozzle configuration on 
the 2D view is schematic. In reality, the projection of real 3D 
geometry of drilled nozzle on a meridional plane looks different. 
It is important to point out that the nozzle inlet diameter, throat 
diameter, and nozzle exit diameter and height correspond to the 
actual values of the design. Such an implementation of 
visualization of 2D view of the turbine with drilled nozzles was 
made as a compromise between realism of nozzle 
representation and ease of interpretation of 2D view of the 
turbine. Indeed, the main purpose of the meridional view of the 
turbine is to see diameters, heights, axial and radial clearances, 
which is achieved with such a representation of the nozzle. Real 
3D geometry of the nozzle can be seen on the respective 3D 
views, such as ones shown in FIGURES 2, 3, 4, 5, and 20.  

 

 
FIGURE 18: TURBINE DESIGN EQUIVALENT TO FASTRAC 
TURBINE 
 

8.2 Supersonic single-stage turbine with conical 
drilled nozzles 

In [17] various configurations of nozzles were analyzed 
with respect to their influence on the efficiency of a supersonic 
experimental turbine. One of the considered nozzles was drilled 
with a conical divergent section. The nozzle was designed for 
a Mach number of 2.1. The testing was carried out with 
nitrogen as a working fluid and a pressure ratio of 10. The inlet 
temperature was 80°F (299.8°K). The drilled nozzle had the 
following geometrical parameters: 16° angle of drilling, 1.7 
XPR, 0.268-inch throat diameter (0.0068 m), 4.7-degree nozzle 

half-angle (half of the expansion angle). Nozzle velocity 
coefficient 0.975. The number of rotor blades was 115. Nozzle 
parameters and experimental curves are shown in FIGURE 19. 
The geometry of this turbine was replicated in AxSTREAM® 
and shown in FIGURE 20 along with a performance 
comparison with [17]. 

The maximum predicted turbine efficiency (U/C0≈0.33) is 
0.63. The calculation also included the parameters of the nozzle 
geometry. The calculated velocity coefficient of the nozzle is 
0.9757. FIGURE 20 shows a comparison of the calculated and 
experimental data on the efficiency of the turbine for different 
velocity ratios U/C0. The efficiency of the experimental turbine 
is shown in black and the predicted by AxSTREAM® 
efficiency is shown in red. The comparison shows good 
agreement between the calculated and experimental data, but 
the calculated data do not take into account the mechanical loss 
in the bearings, since the level of mechanical losses in the 
experimental turbine is not known. It can be assumed that if 
mechanical losses are taken into account, then the coincidence 
of the efficiencies will be even closer at higher values of U/C0. 

 

 
FIGURE 19: NOZZLE PARAMETERS AND TURBINE 

EFFICIENCY VS VELOCITY RATIO U/C0 [17] 

 

 
FIGURE 20: REPLICATED TURBINE DESIGN IN 

AXSTREAM® AND COMPARISON OF PREDICTED 

PERFORMANCE WITH EXPERIMENT [17] 

 

CONCLUSION 
As a result of the performed study, the aerodynamic loss 

model for conical drilled nozzles was improved by 

incorporating the coefficient which depends on such nozzle 



 

11 
 

arrangement parameters as the angle of drilling, relative pitch, 

and nozzle angle, and nozzle relative size.  

The comparison of the performance predicted by 

AxSTREAM® with the use of the improved drilled nozzles 

loss model for two supersonic turbines showed a good 

agreement.  

The utilization of the improved loss model provides the 

opportunity to design high-efficient supersonic turbines with 

conical drilled nozzles and satisfy specific design constraints 

with the use of nozzle arrangement parameters. 
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